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Rheological phase transitions open the door to the less explored realm of non-equilibrium phase
transitions. The main mechanism driving these transitions is usually mechanical perturbation by
shear— an unjamming mechanism. Investigating discontinuous shear thickening (DST) is challeng-
ing because the shear counterintuitively acts as a jamming mechanism. Moreover, at the brink
of this transition, a thickening material exhibits fluctuations that extend both spatially and tem-
porally. Despite recent extensive research, the origins of such spatiotemporal fluctuations remain
unidentified. Here, we investigate large fluctuations in DST by using versatile tools of stochastic
thermodynamics. We discover a non-equilibrium dichotomy in the underlying mechanisms that give
rise to large fluctuations and demonstrate that this dichotomy is a manifestation of novel collective
behaviors across the transition. We then reveal the origin of spatiotemporal fluctuations in the shear
thickening transition. Our study emphasizes the roles of stochastic thermodynamics tools in investi-
gating non-equilibrium phase transitions, and demonstrates that these transitions are accompanied
by simple dichotomies. We expect that our general approach will pave the way to unmasking the
nature of non-equilibrium phase transitions.
Introduction. Discontinuous shear thickening
(DST), an abrupt shear-driven fluid-solid transition,
occurs in a wide range of soft material systems such
as Brownian and non-Brownian suspensions as well as
granular materials [1]. In suspensions, the transition is
the result of an interplay between a stabilizing mech-
anism and frictional contacts due to the roughness of
particles. At low flow speeds, the stabilizing mechanism
keeps particles apart. This mechanism is usually a
repulsive interaction such as steric forces and/or elec-
trostatic repulsion of double layers that introduces a
threshold stress. At high flow speeds, when the threshold
stress is overcome by the shear forces, a proliferation
of frictional contacts results in an abrupt increase of
more than an order of magnitude of viscosity— the
hallmark of a DST [2]. The stabilizing mechanism is
system dependent; however, the frictional contacts are
essential for DST [3]. This behavior is well captured
by the Wyart-Cates model, which describes DST as a
transition from frictionless to frictional rheologies, due
to the proliferation of frictional contacts [4]. In granular
materials, DST is believed to be a result of frustration
of the tendency of granular systems to dilate under
shear [5, 6]. We stress that the canonical mechanism
responsible for DST in all soft material systems under-
going DST is inter-particle friction. Notably, the friction
is a (non-Brownian) granular mechanism [7].
Despite different mechanisms underlying DST in all
the aforementioned soft material systems, DST has one
consistent aspect: near thickening transition a system
becomes unstable with spatiotemporal fluctuations. In
suspensions, temporal fluctuations appear as oscillations
and chaotic time series akin to turbulence [8], an effect
dubbed rheochaos [9]. Moreover, spatial fluctuations
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result in intermittent stress heterogeneities. These
stress anomalies propagate along the vorticity direction,
and they are referred to as vorticity bands [10, 11].
The strength of these fluctuations is enhanced with
increasing stress, as confirmed by recent experiments
using advanced techniques for the measurement of local
rheology [8, 12]. Similar spatiotemporal fluctuations
have also been reported in extensive detail for frictional
granular materials undergoing DST, in a series of pub-
lications by Heussinger, Zippelius and co-workers [13–15].
These spatiotemporal fluctuations are believed to be
the precursors of the shear thickening transition, yet
the origin of these fluctuations remains a mystery. One
reason for this lack of understanding is that, similarly
to the glass transition [16], usual measures, such as pair
correlation functions, show no signature of any dramatic
change in micro-physics across DST [17]. Here, we reveal
the origin of the spatiotemporal fluctuations by using
a stochastic thermodynamic approach [18, 19] that has
been specifically adopted for rheological phase transi-
tions [20]. Stochastic thermodynamics is a powerful tool
enabling thermodynamic quantities such as work, heat
and power to be defined at the mesoscopic scale.
Results. Here, we perform two dimensional molecular
dynamics simulations of bidisperse frictional disks in a
simple shear flow. We neglect thermal and hydrody-
namic forces to focus on the central role of frictional
forces in DST. However, a generalization of our approach
to include hydrodynamic and thermal effects would be
straightforward. Details of the simulations are given in
the Methods of Supplementary Information (SI). A typ-
ical flow curve of the system is given in Supplementary
Fig. 1-a, where the stress abruptly changes by more than
one order of magnitude at a critical shear rate γ˙c ≃ 10
−5.
The critical shear rate separates two distinct fluid and
solid states. We demonstrate that for γ˙ < γ˙c, the normal
component of the shear stress is dominant; however,
2above γ˙c, the tangential component predominates in the
momentum transfer. This result once again emphasizes
the fundamental role played by friction in DST. Most
of physical measures such as pressure (Supplementary
Fig. 2), coordination number (Supplementary Fig.
3) faithfully present the inherent state of the system
consistent with the rheology. However, the kinetic
temperature of the system (Supplementary Fig. 1-b),
known as the granular temperature TG, has misleading
behavior for γ˙ > γ˙c. Therefore, the kinetic temperature
cannot be used as a real measure of fluctuations in this
system, and an alternative measure is required. To
resolve this discrepancy, an effective temperature that
complies with the rheology is required. To this end,
we investigate large fluctuations in injected power p by
using the tools of stochastic thermodynamics to derive
the effective temperature.
The injected power due to simple shear is consumed
at both translational and rotational degrees of freedom.
Thus, we define the local injected power as:
p = σxy,nγ˙ + δσxyγ˙, (1)
where γ˙ is the local shear rate, σxy,n is the normal com-
ponent of the local shear stress, and δσxy = σxy,t− σyx,t
is the couple-stress, which is equal to difference in the
off-diagonal components of the tangential part of the
shear stress (the normal component cancels out, because
σxy,n = σyx,n). The power is computed locally in the
rectangle of the length of the system size and width of
w = 2R, with R = 0.7 radius of larger particles, along
the shearing direction. We cross-checked our results for
a wider bin of width w = 4R and obtained similar re-
sults. A typical probability distribution function (PDF)
of power is shown in the inset in Fig.1-a. The distri-
bution is a double-exponential Boltzmann-type distribu-
tion. Notably, such a Boltzmann-type PDF of stochastic
thermodynamics quantities has been reported for vari-
ous far-from equilibrium systems, for example, the PDF
of work done on particles in a frictional granular system
under pure shear [21], injected power in turbulence [22],
power in frictionless disks under shear [20], and some
cases reported by Gerloff and Klapp on the confined col-
loidal suspensions in shear flow [23]. Thus, the PDF of
stochastic thermodynamic quantities has some common
features across various non-equilibrium systems that have
been overlooked to date. A power equal to p given by
Eq. 1 is dissipated in a sub-system. This is akin to en-
tropy production in a thermodynamic system. However,
owing to a large fluctuation, the sub-system can give up
the power, akin to entropy consumption [18]. As shown
in the inset, there exists a substantial part for large fluc-
tuations in power given by p < 0. We examine an instan-
taneous detailed fluctuation relation comparing the ratio
of the PDF of the entropy production rate P(p) to that
of the entropy consumption rate P(−p) via:
ln
P(p)
P(−p)
= βp, (2)
in which 1/β = Te/τe is the ratio of an effective tem-
perature to a time-scale. In the main panel of Fig.1-a,
we plot this ratio for various shear rates. A linear
dependence is clearly recovered, and thus the fluctuation
relation is verified by our data. For γ˙ < γ˙c (the blue
data), we observe a large slope reflecting a very small
effective temperature in the fluid phase. Although not
visible in this regime, the slope slightly changes with
shear rate. For γ˙ > γ˙c, the data show a substantially
smaller slope, thus implying a considerably larger Te.
Moreover, in the solid-branch, data of various shear
rates superimpose, and the slope becomes independent
of the shear rate, in agreement with the rheology. To
provide a clear demonstration, in Fig.1-b we display
the effective temperature Te versus the shear rate. The
time scale τe is related to repulsive forces, because
dissipative forces are negligible at very small shear rates.
The effective temperature is computed via a direct
linear regression by using Eq. 2. Whereas a Bagnold
dependence is obtained in the fluid-branch, Te resembles
the behavior of the shear stress in the solid branch.
Therefore, our proposed fluctuation relation gives rise to
an effective temperature that behaves consistently with
the rheology. Whereas the kinetic temperature shows
an order of magnitude increase in fluctuations after
thickening, the effective temperature increases more
than two orders of magnitude. An effective temperature
is a thermodynamic tool that enables mapping of a
non-equilibrium state to an equilibrium thermodynamic
state [24]. Therefore, our measured effective temperature
Te may be interpreted as follows: DST may be mapped
to an equilibrium transition from a finite temperature
to an infinite temperature with large fluctuations. We
will show later that this case is true for DST. Because
the contribution of frictional forces predominates the
rheology, we now focus on large fluctuations due to
frictional forces.
Large fluctuations due to frictional forces. A
large fluctuation caused by frictional forces occurs when
the second term of the right-hand-side (rhs) of Eq. 1
becomes negative, i.e., pt = δσxy × γ˙ < 0. In the
Fig. 2-a inset, the probability for such a large fluctu-
ation P (δσxyγ˙ < 0) is plotted versus the shear rate.
P (δσxyγ˙ < 0) is almost constant (within errorbars) in
the fluid branch, and it decreases monotonically in the
solid branch. Because pt is a product of two terms, the
couple-stress δσxy and the shear rate γ˙, a negative pt
can be due to either δσxy < 0 with γ˙ > 0 or γ˙ < 0 with
δσxy > 0. This can be mathematically expressed as a
decomposition relation
P (δσxyγ˙ < 0) = P (δσ
−
xy, γ˙
+) + P (γ˙−, δσ+xy), (3)
in which P (, ) is a joint probability. In the main panel
of Fig. 2, we display P (δσ−xy, γ˙
+) (left Y-axis) and
P (γ˙−, δσ+xy) (right Y-axis) with blue circles and red
squares, respectively. A dazzling pattern emerges,
indicating a decomposition of P (δσxy γ˙ < 0) into two
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FIG. 1. Fluctuation relation of power. (a) The inset shows the PDF of power for various shear rates. It displays a
universal double-exponential Boltzmann-type distribution. In the main panel, we examine the fluctuation relation proposed
in Eq.2, which is successfully verified by our data. (b) The effective temperature Te as a function of the shear rate γ˙ is
plotted. Bagnold behavior is found in the fluid-branch, which crosses over to a rate-independent behavior in the solid-branch,
in accordance with the rheology. The effective temperature increases almost two orders of magnitude after thickening. The
packing fraction is φ = 0.81, and the number of particles is N = 16384.
distinct branches for P (δσ−xy, γ˙
+) and P (γ˙−, δσ+xy).
Moreover, this decomposition has two unique features.
First, P (δσ−xy, γ˙
+) and P (γ˙−, δσ+xy) are approximately
mirror images of one another, and second, in both
solid and fluid states, their dependence on γ˙ is dichoto-
mous, meaning that when P (δσ−xy, γ˙
+) increases by γ˙,
P (γ˙−, δσ+xy) inversely decreases and vice versa. This
finding provides evidence that large fluctuations in DST
are governed by a simple dichotomy. We previously
discovered another dichotomy for large fluctuations in
frictionless particulate matter [20]. We showed that such
dichotomies reveal unprecedented information about
the collective behavior in rheological phase transitions,
thus once again emphasizing that non-equilibrium phase
transitions are described by simple dichotomies whose
importance has been overlooked to date. We now focus
on this novel dichotomy to determine what lessons might
be learned.
We start with the interpretation of a large fluctuation
due to γ˙ < 0. In a simple shear flow, each layer along
the shearing direction has a larger drift velocity with
respect to the layer beneath it, thus resulting in a
positive local shear rate. However, when γ˙ < 0, a given
layer is slower than the one below it. Therefore, a large
fluctuation of γ˙ < 0 corresponds to a non-monotonic
change in local drift velocity due to a retarded layer,
thus resulting in a local negative power pt < 0 providing
δσxy > 0. In Fig. 2 for γ˙ < γ˙c, P (γ˙
−, δσ+xy) increases
as γ˙c is approached. This means that the flow becomes
non-monotonic as the transition point is approached
from below. This increasing non-monotonicity can be
rationalized by the well-known instability near γ˙c [13–
15]. In the solid-branch for γ˙ > γ˙c, the instabilities are
washed out, and P (γ˙−, δσ+xy) decreases by increasing the
shear rate. This finding is consistent with conventional
wisdom, because the shear is a bias, and it removes
all the retarded layers at large γ˙, thus explaining the
decreasing trend in P (γ˙−, δσ+xy) in the solid branch.
Because of the dichotomy, P (δσ−xy, γ˙
+) has opposite
behavior with respect to P (γ˙−, δσ+xy) across the transi-
tion region. To interpret the behavior of P (δσ−xy, γ˙
+),
we first describe the relation of the couple-stress to the
micro-physics. The couple-stress is related to the micro-
physics via the total torque τ acting on particles accord-
ing to
σxy,t − σyx,t ∝
∑
i
τi, (4)
in which i runs through all particles in the system.
The relation between the couple-stress and torque has
been well documented in the context of coarse-graining
by Goldhirsch [25] and micropolar fluids by Mitarai,
Hayakawa and Nakanishi [26]. Importantly, the left-hand
side (lfh) of Eq. 4 is a coarse-grained field quantity, and
the right-hand side is a particle property. Consequently,
the results must be interpreted with caution. An alter-
native interpretation of the local shear rate is given by
vorticity ω as
ω =
∂ux
∂y
−
∂uy
∂x
, (5)
where ux and uy are the drift velocity along the x-
and y-directions, respectively. In a simple shear flow
along the x-direction ∂xuy = 0; therefore, ω = γ˙. As a
result, pt ∝ τ ×ω and P (δσ
−
xy, γ˙
+) correspond to a large
fluctuation due to negative total torque of a sub-system
whose vorticity is positive ω > 0. Re-inspection of Fig. 2
reveals that P (δσ−xy, γ˙
+), or equivalently P (τ−, ω+),
decreases as the transition point in the fluid branch is
4approached. This behavior is non-trivial, because it
indicates that the instability enhances the uniformity of
the rotational degrees of particles (it reduces negative
events due to inverse torque).
To gain a better understanding of the enhancement
of the uniformity of rotational degrees of freedom, we
display subsequent snapshots as the system is sheared
from left to right in Fig. 3-a to -d. The color coding
corresponds to the total torque of each particle in which
the blue particles have τ ≤ −5× 10−5, the red particles
have τ ≥ 5 × 10−5, and the green particles have nearly
zero torque. The shear rate is γ˙ = 4.467 × 10−6, which
is below γ˙c. In snapshot-a, the system is homogeneous
except for anomalies appearing as tiny clusters of
large negative and positive like-torque particles. These
domains of large torque particles show that large torque
is spatially localized. These clusters grow spatially
in snapshot-b, with more red (positive) clusters. In
contrast, in snapshot-c, the blue (negative) clusters
appear, and finally in snapshot-d, the red clusters nearly
percolate in the system. These clusters of like-torque
particles are analogous to domains of like-spin sites in
an Ising model at finite temperature. To show how the
total torque of the system changes in these snapshots,
we display the mean torque in the system as a function
of strain in panel-e. In this figure, the corresponding
mean torque of the snapshots is marked by red let-
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Ṗ
δσ
− xy
,t
,γ̇
+
)
10−5 10−4
γ̇
0.42
0.44
0.46
Ṗ
γ̇
×
δσ
xy
,t
<
0)
0.0
0.1
0.2
0.3
0.4
0.5
Ṗ
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FIG. 2. Decomposition of probabilities. The inset shows
P (δσxyγ˙ < 0) as a function of the shear rate. In the solid
phase, P (δσxyγ˙ < 0) decreases monotonically with increas-
ing shear rate. No discontinuity is observed at the critical
shear rate. Main figure: joint probabilities P (δσ−xy, γ˙
+) and
P (γ˙−, δσ+xy) are displayed by the blue circles and red squares,
respectively. Notably, a decomposition of joint probabilities
into a mirror-image dichotomy has been discovered. Whereas
P (δσ−xy, γ˙
+) is reduced almost twice at γ˙c and then increases
as a function of the shear rate, P (γ˙−, δσ+xy) is enhanced by
the same rate, and it decreases with the shear rate in the fluid
phase. Interestingly at γ˙ = γ˙c, P (δσ
−
xy, γ˙
+) = P (γ˙−, δσ+xy).
The packing fraction is φ = 0.81, and the number of particles
is N = 16384.
ters/arrows. At τ = 1420, the mean torque is zero;
however, it begins to exhibit an oscillatory behavior
whose amplitude is first enhanced, then decays and
finally fades to zero at γ = 1455. Moreover, the torque
subsequently undergoes another oscillatory behavior
for γ˙ > 1470. This is a typical pattern that repeats
throughout the simulations for γ˙ < γ˙c. Indeed, we see
that the mean torque is positive at snapshot-b in which
the red (positive) clusters predominate the system;
in contrast, in snapshot-c, where the blue (negative)
clusters predominate the system, the mean torque is
negative. The mean torque reaches its maximum in
snapshot-d, where the red (positive) clusters nearly
percolate in the system. Here, we reach an important
conclusion: the oscillatory behavior of the torque, which
is reminiscent of rheochaos [9], originates from the
collective behavior of clusters of like-torque particles.
Moreover, from a critical phenomena viewpoint, these
spatially extended clusters resemble domains of like-spin
sites in the Ising model at finite temperature.
In snapshot-f, a typical configuration of the system
is displayed after thickening. The shear rate is γ˙ =
1.122 × 10−5. In this snapshot, the system is homoge-
neous except for a few anomalous domains of opposite-
torque particles. Interestingly, in these clusters, parti-
cles with anomalously large positive torque co-exist with
those of anomalously large negative torque. A closeup
view of such a cluster is given in panel-g. These regions
of very large positive and negative torque particles may
be compared to the Ising model at infinite temperature.
Now we are ready to explain the behavior of the effec-
tive temperature Te in Fig. 1-b. As we discussed ear-
lier, the effective temperature increases more than two
orders of magnitude, and this increase might imply that
the thickening transition is equivalent to an equilibrium
phase transition from a finite temperature to the infinite
temperature— an order-disorder-type transition. Indeed,
this argument is supported by the snapshots across the
thickening that imply a transition from a state of like-
torque particles to that of opposite-torque particles. To
characterize the oscillation of torque, we compute the
auto-correlation function of torque 〈τ(0)τ(γ)〉 in panel-h
for two shear rates below thickening, which, as might be
expected, is a damped oscillation of the form
〈τ(0)τ(γ)〉 = e−γ/γrel. cos(piγ), (6)
where γrel. is a relaxation strain. Solid symbols indicate
our data from simulations, and solid lines correspond
to fits via Eq. 6. The γrel. increases as the transition
point at γ˙ = γ˙c is approached. In panel-i γrel. ∝ γ˙
1.59
for γ˙ < γ˙c in the fluid phase. This damped oscillation is
a direct consequence of the instability, and its increasing
relation with γ˙ is consistent with the findings from
recent experiments reporting increased instability as the
transition point is approached [8, 12]. In the solid phase,
the auto-correlation function becomes a step function
reminiscent of a Markov-process, thus indicating that the
5instability vanishes in the solid-phase after thickening.
FIG. 3. Torque across thickening Panels-a to -d show sub-
sequent snapshots of the system as it undergoes instability at
γ˙ = 4.467 × 10−6. The color coding corresponds to the total
torque of each particle. As the system is sheared, domains of
like-torque particles nucleate and grow, thus resulting in an
enhancement of the rotational degrees of freedom, which we
show to underlie the well-known instability near the thick-
ening transition. The mean torque as a function of strain
is shown in panel-e. In panel-f, a snapshot of the system is
shown after thickening for γ˙ = 1.122 × 10−5. The system is
homogeneous except for localized clusters of opposite-torque
particles. A closeup view of such a cluster is given in panel-
g, which shows that the instability diminishes in the solid
branch. The auto-correlation function of the total torque of
the system shows a damped-oscillatory behavior in the fluid
phase (panel-h) whose relaxation strain scales with γ˙ with an
exponent of 1.59.
We now demonstrate the interplay between the
above-mentioned collective behavior of the rotational
degrees of freedom of particles and the rheology of the
system. In Fig. 4, we display snapshots of the system
with color coding corresponding to the total torque (first
row) and shear stress (second row) of each particle . We
display the shear stress per particle, which is different
from the coarse-grained shear stress over a domain.
Panels-a to -d row 1 show the total torque per particle as
the system enters the instability region, where the total
torque in the system oscillates ( according to Fig. 3-e).
Each snapshot shows a configuration of the system after
δγ = 1 for γ˙ = 4.467 × 10−6. Remarkably, in panel-a
row 2, where the same configuration is colored by the
total shear stress per particle, particles with large shear
stress form stress-bearing chains along the compression
direction (yellow chains). In snapshot-b, clusters of
like-torque particles become larger, and as a result, the
stress-bearing chains become more pronounced, with a
color shift to larger stresses (red) along the compres-
sion direction. Notably, as a result of larger negative
like-torque clusters in panel-b, negative stress-bearing
chains in blue (negative stress) form along the dilation
direction. These red and blue stress-bearing structures
become more pronounced in panels-c and -d, where clus-
ters of like-torque particles become larger. In addition,
the configuration of the system changes dramatically
from one snapshot to the other below thickening.
In panels-e to -h, we display similar snapshots after
thickening for γ˙ = 1.122× 10−5. Each snapshot shows a
configuration of the system after a strain difference of
δγ = 2. There are strong stress-bearing structures along
the compression direction (red chains), and particles
with negative stress also form chains along the dilation
direction (blue chains). Moreover, chains of positive
stress percolate through the system, whereas chains of
negative stress do not. Interestingly, even though the
strain difference between each snapshot here is twice
that in panels-a to -d, the structure of stress-bearing
chains does not change dramatically from one snapshot
to the next, because the system is in solid state. To
quantitatively determine the correspondence between
like-torque clusters and stress-bearing structures in the
fluid phase, we plot the second moment of the torque〈
σ2xy
〉
and stress
〈
τ2
〉
per particle versus the strain in
Supplementary Fig. 4. It can be seen that
〈
σ2xy
〉
and〈
τ2
〉
change proportionately as a function of the strain,
thus indicating that fluctuations in torque directly influ-
ence the rheology, and the oscillation of torque results
in spatiotemporal fluctuations in stress. However, in
the solid phase, Supplementary Fig. 5, these quantities
are independent of one another, and we do not observe
an appreciable correlation between the torque and stress.
Conclusion. We investigated fluctuations of power in
a model system undergoing DST. We showed that large
fluctuations caused by frictional forces are governed by
a simple dichotomy that underlies the novel collective
behaviors across the thickening transition. The joint
probability of large fluctuations due to frictional forces
P (δσ−xy, γ˙
+) decreases as the thickening transition is
approached, thus indicating an enhanced uniformity
of rotational degrees of freedom. Consequently, we
discovered clusters of like-torque particles akin to an
Ising model in finite temperature. We showed that (1)
6the growth of these clusters directly correlates with
the rheology (2) the formation of the clusters results
in spatially heterogeneous structures of stress-bearing
chains below the thickening and (3) a competition
between the opposite like-torque clusters underlies the
origin of temporal fluctuations. Accordingly, we have
identified the origin of spatiotemporal fluctuations near
the thickening transition. After thickening in the solid
state, we observe clusters of opposite-torque particles,
analogously to an Ising model at infinite temperature.
Moreover, in this regime, particles grind against each
other, as they would be obliged to do by frictional forces
that glue particles to one another. This opposite motion
is similar to that of gear wheels in a mechanical watch.
The increase of the effective temperature by more than
two orders of magnitude at the transition point can thus
be explained as the system transitions from the fluid
state, in which large clumps of particles rotate rigidly
in one or the other direction, to a solid state, in which
particles grind against each other.
We now conclude with some points discussing the pos-
sible implications of our results for a broader audience:
(i) Order-disorder scenario. Besides the Wyart-
Cates picture, several scenarios have been proposed
to describe the mechanisms underlying shear thick-
ening. Two well-known mechanisms are (1) cluster
formation due to hydrodynamic interactions [27]
and (2) an order-disorder transition [28, 29]. In
these scenarios, particles form ordered structures at
small flow velocities, and these structures become
unstable at large flow velocities. Although the
formation of such ordered structures cannot occur
in a bidisperse system, the similarity of these
scenarios to our proposed order-disorder transition
is notable. However, our order-disorder scenario
involves only a transition in rotational degrees of
freedom, in contrast to the above-mentioned mech-
anisms involving steric preferences of translational
degrees of freedom.
(ii) Yielding of frictional systems. We note that
Chattoraj et al. have recently demonstrated that
a deformed very dense frictional system exhibits
oscillatory instability near yielding, as a result of
a pair of complex eigenvalues of the Hessain ma-
trix [30, 31]; this is in contrast to a frictionless sys-
tem whose Hessian has only real eigenvalues, and
a failure occurs when one of those eigenvalues be-
comes zero— a saddle node bifurcation [32]. Chat-
toraj et al. have also discussed a possible relation
between the oscillatory amplifications in a frictional
system with a long-standing problem in earthquake
physics, remote triggering [33]. We expect that our
discovery of the collective behavior of the rotational
degrees of freedom of frictional particles might also
FIG. 4. Torque-stress snapshots . Snapshots of the system
both below and above thickening. The color code in row num-
ber 1 in each set corresponds to the total torque of each parti-
cle, and row number 2 corresponds to the total shear stress per
particle. In panels-a to -d, the shear rate is γ˙ = 4.467× 10−6,
and the difference between each snapshot from left to right is
a strain difference of unit length δγ = 1. The total torque of
the system is given in panel-e of Fig. 3, which corresponds to
the nucleation of the instability. Clusters of like-torque grow
larger as the instability sets in. In panel-b, larger clusters
than those in panel-a result in stress-bearing structures. Re-
markably, very large positive stress-bearing chains form along
the compression direction (red chains), and shorter chains of
very large negative stress form along the dilation direction
(blue chains). In panel-c, the clusters of very large nega-
tive like-torque particles have become larger, thus resulting
in an appreciable enhancement in very large negative stress-
bearing structures along the dilation direction (blue chains).
The second set at the bottom shows similar snapshots for
γ˙ = 1.122 × 10−5 above thickening, and the difference be-
tween each snapshot from left to right is δγ = 2. Locally,
like-torque clusters are absent, and instead we see domains
of particles with very large positive and negative torques. In
contrast to the stress-bearing chains below thickening, those
structures here seem to have no correlation with the torque,
and their configurations persist for a long time.
shed light on the micro-physics of the oscillatory
instability near the yielding transition.
(iii) Order parameter of non-equilibrium. Col-
lective behaviors in equilibrium phase transitions
are described by order parameters [34]. Non-
equilibrium phase transitions have a much richer
phenomenology, and as a result of that their
collective behavior, cannot be explored by a single
order parameter. Instead, as we demonstrated here,
7distributions of some order-like parameters must be
examined. We showed that such examination can
be performed well by using the stochastic thermo-
dynamics of some stochastic energetics parameters.
The investigation of large fluctuations in such
stochastic energetics parameters, such as power,
led us to the discovery of dichotomies describing
the underlying collective modes. The scheme
developed here can be easily applied to a much
wider class of non-equilibrium phase transitions.
(iv) Effective temperatures. The 21st century
is the era of non-equilibrium statistical physics,
which has a wide focus on many real-life, everyday
phenomena. Yet, equilibrium thermodynamics is
key to understanding the nature of non-equilibrium
phenomena. A quantitative means of establishing
such a connection is provided by the so-called
effective temperatures that bridge equilibrium and
non-equilibrium worlds [24]. The first such attempt
may be the work by Edwards and Oakeshott in an
acclaimed paper that proposed that the principles
of equilibrium statistical mechanics can be applied
to granular materials [35]. The authors suggested
that the packing fraction in granular materials
may play the same role as energy in equilibrium
statistical mechanics and defined the analogous
density of states Ω(φ) =
∑
ν δ(φ − φv), where
the subscript ν corresponds to jammed states
with the condition of force and torque balance
being satisfied [36]. Edwards’ entropy can then
be defined as S = lnΩ(φ), which results in a
temperature-like quantity X via 1/X = ∂S(φ)/∂φ.
Later, because of the importance of normal and
tangential forces in configurations of jammed
states, stress was considered as an additional state
variable. The resulting temperature, known as
angoricity, corresponds to a jammed canonical
ensemble. Several methods have been developed
to test the ideas of Edwards. Probably the most
renowned method is the overlapping histogram
method by Dean and Leferevre [37], which has been
used in many recent studies [38–40]. Although
Edwards’ original intention was to apply ensemble
theory to describe the dynamics of slowly driven
granular materials, in which the system moves
from one jammed state into another, most recent
literature has focused only on static jammed states.
Furthermore, some recent work has suggested that
angoricity is analogous to an effective temperature
that describes the strength of the mechanical noise
in driven granular materials [21, 41]. However,
this approach is in early stages of development.
One large obstacle to applying Edwards’ theory
is that the density of states Ω(φ) and the corre-
sponding partition function may be unknown for
a given granular ensemble [36]. Our stochastic
thermodynamic approach provides an alternative
way to compute an effective stress-temperature.
We showed here and in a previous report [20] that
the resulting effective temperature is stress-like,
i.e., , it remains constant at the vanishing limit
of the shear rate in the jammed configurations.
However, it is Bagnoldian in the fluid phase.
This method provides an alternative approach to
investigate fluctuations in a wide range of driven
non-equilibrium systems. The main advantage of
this approach is that it does not require strictly
jammed states.
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1Supplemental Materials: Origin of
spatiotemporal fluctuations in
Discontinuous Shear Thickening
I. METHODS
We use a linear dashpot-spring to model both normal
and tangential forces [S42]. Two particles at positions ri
and rj with radii ai and aj , respectively, interact when
they overlap, δ = |ri − rj| − (ai + aj) < 0. A spring
whose force is proportional to the overlap δ acts as a
repulsive mechanism between two colliding particles. The
interaction force along the normal direction is then given
by
fij,n = knδ − ηn(vi − vj) · nij , (S1)
where kn and ηn are the elastic, and damping constants,
respectively, and nij is a unit vector along the line con-
necting the centers of two particles nij = (ri−rj)/|ri−rj|.
With ωi and ωj, the angular velocities, the total tan-
gential velocity at the contact point can be written as
vij,t = (I−nijnij) · [vi − vj− (aiωi+ ajωj)×nij ]. (S2)
Integrating the tangential velocity vij,t from the initi-
ation of contact to the current time gives the tangential
overlap as ξ =
∫ tcoll
0
|vij,t|dt
′. A spring proportional to ξ
acts in the tangential direction along the contact plane
to model the static friction
fij,t = ktξ − ηtvij,t · tij , (S3)
where kt and ηt are the spring and damping coefficients,
and tij is a unit vector along the contact plane, tij ·nij =
0. A torque proportional to the tangential force acts on
each particle. Accordingly, the total force is equal to
fij = fij,nnij + fij,ttij , (S4)
from which translational and rotational degrees of
freedom are coupled in this model.
We use a 50 : 50 bidisperse mixture of particles whose
ratio of radii is 1.4. The diameter of small particles is
chosen to be the unit of length. The mass is equal to the
area of each particle. The spring constants are kn = 1
and kt = 0.5kn and the damping coefficients are ηn =
ηt = 1. The magnitude of the tangential force is bound
by Coulomb’s frictional law |fij,t| ≤ µ|fij,n| where µ = 1
is the friction coefficient.
We use Large-scale Atomic/Molecular Massively Par-
allel Simulator (LAMMPS) to integrate equations of mo-
tion of particles. This process is done by using pair style
gran/hooke/history to model the interactions plus Lees-
Edwards boundary conditions by using deform.
II. COMPLEMENTARY RESULTS
A typical flow curve of the system is given in Fig. S1-a.
The simulations start at a relatively high shear rate
γ˙ = 10−4, and the shear rate is decreased stepwise such
that the steps are equidistant on a logarithmic scale.
Each simulation runs for a total strain of γtot = 20L,
and we store a snapshot of the system at each strain
increment equal to the unit of length δγ = 1. There
exists a critical shear rate γ˙c ≃ 10
−5 at which the stress
abruptly changes by more than one order of magnitude.
This finding is consistent with those reported by Otsuki
and Hayakawa [S5]. The packing fraction is φ = 0.81 and
the system shows DST for densities above a fictitious
critical density of φc = 0.795, again in agreement
with [S5]. The critical shear rate separates two distinct
fluid and solid states. For γ˙ < γ˙c, a Bagnoldian rheology
σxy, P ∝ γ˙
2 is observed, thus indicating a fluid-like
behavior. For γ˙ > γ˙c, the system is solid-like, and the
flow curves are generally described by Herschel-Bulkley
rheology σxy, P = σy + kγ˙
y with a distinct offset σy that
indicates the appearance of shear-driven yield stress. We
separately measure the contributions of tangential and
repulsive interactions to the stress tensor. Green squares
and blue circles correspond to repulsive, σxy,n, and
tangential, (σxy,t + σyx,t)/2, shear stress, respectively,
and the inset shows the ratio of the two. For γ˙ < γ˙c, the
normal component is dominant; however, above γ˙c, the
tangential component predominates in the momentum
transfer. This finding is in contrast to the pressure in
which the normal component is dominant both above
and below the thickening (Appendix Fig. S2). These
results once again emphasize the canonical role played
by friction in DST.
Jamming of frictional disks occurs at a coordination
number of zJ = d + 1 = 3 [S43]. Across the transition
region in DST, the coordination number also increases
from z = zf (γ˙) < zJ in the fluid state to z = zs(γ˙) > zJ
in the solid branch (see Appendix Fig. S3), thus demon-
strating that shear thickening is a consequence of a
shear driven jamming transition [S44], which is generally
accompanied by proliferation of the contacts [S3]. All
aforementioned physical measures faithfully present
the inherent state of the system as it transitions from
the fluid to the solid states. However, the kinetic
temperature of the system in Fig. S1-b, known as the
granular temperature TG, has misleading behavior for
γ˙ > γ˙c. Whereas it shows a quadratic dependence below
γ˙c, consistently with the rheology, above γ˙c, TG has an
algebraic dependence on γ˙ with an exponent of 1.16,
which is reminiscent of the behavior of a dense fluid.
This finding is in contrast to the jammed nature of the
system above γ˙c. Therefore, the kinetic temperature
cannot be used as a real measure of fluctuations in this
system, and an alternative measure is required. To
resolve this discrepancy, an effective temperature that
complies with the rheology is required. To this end,
2we investigate large fluctuations in injected power p by
using the tools of stochastic thermodynamics to derive
the effective temperature.
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FIG. S1. Rheology across thickening. (a) Shear stress as a
function of the shear rate for normal (squares) and tangential
(circles) components. For γ˙ < γ˙c, the behavior is Bagnoldian
(γ˙2): a typical fluid-like behavior. For γ˙ > γ˙c, the system is
solid-like and exhibits a finite yield stress. The inset shows
that below thickening, the normal component is dominant,
whereas above the transition, the tangential part dominates.
(b) Kinetic temperature as a function of shear rate. Whereas
for γ˙ < γ˙c, the behavior is Bagnoldian, in agreement with
the rheology, above γ˙c, it shows a dense fluid behavior not
consistent with the rheology. The packing fraction is φ = 0.81,
and the number of particles is N = 16384.
In this appendix, we display some auxiliary figures to
complement the descriptions of the main figures in this
manuscript.
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FIG. S2. Rheology across thickening. Pressure defined
as (σxx + σyy)/2 for both normal and tangential components
given by circles and squares, respectively. Below thickening,
Bagnold behavior (γ˙2) is seen; above the transition, the pres-
sure shows a behavior of Herschel-Bulkley form. In contrast
to the shear stress, the normal part of the pressure is domi-
nant both above and below the transition.
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FIG. S3. Coordination number. The mean coordination
numbers as a function of the shear rate. The jamming coor-
dination number for this system is zJ = 3. Below thickening,
z < zJ . At the transition point, the coordination number
increases to z > zJ .
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FIG. S4. Correlated behavior of stress and torque in
the fluid phase. To quantitatively show that the formation
of like-torque clusters results in stress heterogeneities, we dis-
play the second-moment of shear stress per particle (circles)
and total torque of each particle (squares). These two quan-
tities are inter-correlated, and any fluctuation in the total
torque of particles accordingly results in that in the shear
stress per particle. This figure is a quantitative demonstra-
tion of the correlation of stress and torque snapshots in Fig. 4.
The shear rate is γ˙ = 4.467 × 10−6.
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FIG. S5. Un-correlated behavior of stress and torque
in the solid phase. Similarly to the previous figure, we dis-
play the second-moment of shear stress per particle (circles)
and total torque of each particle (squares). The shear rate is
γ˙ = 1.122× 10−5 above thickening. Fluctuations in the shear
stress per particle and torque can be seen to be un-correlated.
